Abstract. Answering a question of Telgársky in the negative, it is shown that there is a space which is β-favorable in the strong Choquet game, but its nonempty W δ -subspaces are of the 2nd category in themselves.
Introduction
One of the well-known applications of the Banach-Mazur game [HMC] (also known as Choquet game [Ke] ) is a characterization of Baire topological spaces (i.e. spaces where nonempty open subspaces are of the 2nd category in themselves); namely, a space is Baire iff the first player in the BanachMazur game has no winning strategy [Ox, Kr] . The strong Choquet game [Ke] is a modification of the Banach-Mazur game that also yields nice characterizations of various completeness-type properties (see below). In particular, Telgársky [Te] noticed -somewhat analogously to the above Baire space characterization -that in any topological space, if the first player in the strong Choquet game has no winning strategy, then the nonempty W δ -subspaces are of the 2nd category in themselves (where W δ -sets are generalizations of G δ -sets introduced by Wicke and Worrell [WW] ), and asked whether it is actually a characterization. This indeed is the case, e.g., in 1st countable T 1 -spaces [Zs] ; however, we will show that a counterexample exists in the non-1st-countable case, and so Telgársky's conjecture fails.
First we introduce the relevant notions and terminology: let B be a base for a topological space X, and denote E = {(x, U ) ∈ X × B : x ∈ U }. In the strong Choquet game Ch(X) players β and α alternate in choosing (x n , V n ) ∈ E and U n ∈ B, respectively, with β choosing first, so that for each n ∈ ω, x n ∈ U n ⊆ V n , and V n+1 ⊆ U n . The play (x 0 , V 0 ), U 0 , . . . , (x n , V n ), U n , . . . is won by β, if n V n = ∅; otherwise, α wins. A strategy in Ch(X) for β is a function σ : B
<ω → E such that σ(∅) = (x 0 , V 0 ), and σ(U 0 , . . . , U n−1 ) = (x n , V n ) with V n ⊆ U n−1 for all (U 0 , . . . , U n−1 ) ∈ B n , n ≥ 1. A strategy σ for β is a winning strategy, if β wins every run of Ch(X) compatible with σ. We will say that Ch(X) is β-favorable, provided β has a winning strategy in Ch(X). Strategies for α in Ch(X), and α-favorability of Ch(X) can be defined analogously [Ke] . The strong Choquet game was introduced by Choquet in [Ch] , who showed that in a metrizable space X, α has a winning strategy in Ch(X) iff X is completely metrizable. Later, Debs [De] and Telgársky [Te] independently showed that if X is metrizable, then β has a winning strategy in Ch(X) iff X is contains a closed copy of the rationals (i.e. iff X is not hereditarily Baire). The strong Choquet game has been studied in non-metrizable settings as well (cf. [Po] , [GT] , [Ma] , [CP] , [BLR] , [DM] , [Zs] ).
Let Y ⊆ X. A sieve of Y (cf. [CCN] , [Gr] ) in X is a pair (G, T ), where (T, <) is a tree of height ω with levels T 0 , T 1 , . . . , and G is a function on T with X-open values such that
Tychonoff space is sieve complete iff it is a W δ subspace of a compact space iff it is a continuous open image of aČech-complete space [WW, Theorem 4] ; in particular, sieve complete spaces are of the 2nd Baire category.
Denote by CL(X) the set of all nonempty closed subsets of a T 1 -space X, and for any S ⊆ X put S − = {A ∈ CL(X) : A ∩ S = ∅} and S + = {A ∈ CL(X) : A ⊆ S}. The Vietoris topology [Mi] τ V on CL(X) has subbase elements of the form U − and U + , where ∅ = U ⊆ X is open; so a base for
The space (CL(X), τ V ) is T 2 (resp. T 3 ) iff X is T 3 (resp. T 4 ), and (CL(X), τ V ) is compact iff X is compact [Mi] . If A is an open (resp. closed) subspace of X, then CL(A) is an open (resp. closed) subspace of CL(X); X embeds as a subspace in CL(X) (it embeds as a closed subspace iff X is T 2 ). The following lemma will be used in the main result:
, then the following are equivalent:
(ii) U ⊆ V , and for every j ≤ m there is i ≤ n such that U i ⊆ V j .
Main Result
The Tychonoff square is defined as X = (ω 1 + 1) × (ω 1 + 1) \ {(ω 1 , ω 1 )}, where ω 1 is the first uncountable ordinal with the order topology.
Theorem 2.1. If X is the Tychonoff square, then (i) Ch(CL(X)) is β-favorable, and (ii) every nonempty W δ -subset of CL(X) is of the 2nd category in itself.
Proof. (1) We will construct a winning strategy σ for β in Ch(CL(X)). Denote ∆ = {(x, x) ∈ X : x ∈ ω 1 }, and put σ(∅) = (A 0 , V 0 ), where A 0 = {ω 1 }×ω 1 ∪{(x 0 , y 0 )}, and V 0 = (X \∆) + ∩{(x 0 , y 0 )} − , where x 0 > y 0 , and (x 0 , y 0 ) / ∈ ∆ is an isolated point of X.
Assume that given n ∈ ω and j ≤ n, we have defined
Claim 1. σ is a winning strategy for β in Ch(CL(X)).
Indeed, let β play according to σ, and assume there exists some A ∈ n V n . Then A ∈ V 0 , so A ⊂ X \ ∆, moreover, B = {(x n , y n ) : n ∈ ω} ⊆ A. Since the sequences (x n ), (y n ) converge to a common x ∈ ω 1 , then (x, x) ∈ B ⊆ A ⊂ X \ ∆, a contradiction.
(2) Let M be a nonempty W δ -subset of CL(X), and (G, T ) a sieve of M in CL(X) witnessing that M is a W δ -set.
Claim 2. ∃M ∈ M which is compact in X, i.e. there is some λ < ω 1 such that M ⊆ K(λ), where
Indeed, take any M 0 ∈ M. Let (t n ) be a branch in T so that M 0 ∈ G(t n ) for each n, and without loss of generality, assume that each
Since (G(t n )) n is decreasing, it follows from Lemma 1.1 that, given n and i ≤ m n , there is j ≤ m n+1 such that U (z n+1,j ) ⊆ U (z n,i ), so we can assume that m n+1 > m n , and that for all i ≤ m n , U (z n+1,i ) ⊆ U (z n,i ). Fix n ∈ ω, and i ≤ m n . Then M 0 ∩ p≥n U (z p,i ) is a nonempty compact set, so we can choose u n,i ∈ M 0 ∩ p≥n U (z p,i ). Then M = {u n,i : n ∈ ω, i ≤ m n } is clearly compact, moreover, M ⊆ M 0 ⊂ G n and M ∩ U (z n,i ) = ∅ for each n ∈ ω, i ≤ m n ; thus, M ∈ n G(t n ) ⊆ M. It follows by Claim 2, that M 0 = M ∩ K(λ) + is nonempty, and, as an open subspace of the W δ -set M, it is a W δ -set. Furthermore, since K(λ) is a clopen compact subspace of X, CL(K(λ)) is a clopen compact subspace of CL(X). In summary, M 0 is a W δ -subset of the compact CL(K(λ)), so it is sieve-complete and, thus, of the 2nd category in itself. This implies that M is of the 2nd category in itself, since M 0 is an open subspace of M.
